
Theor Chem Acc (2006) 115: 1–17
DOI 10.1007/s00214-005-0014-z

REGULAR ARTI CLE

H. Gharibi · R. Behjatmanesh-Ardakani
S. M. Hashemianzadeh · S. M. Mousavi-Khoshdel
S. Javadian · B. Sohrabi

Study of thermodynamic parameters in amphiphilic systems
by lattice Monte Carlo: effect of tails and heads

Received: 24 July 2004 / Accepted: 18 November 2004 / Published online: 9 November 2005
© Springer-Verlag 2005

Abstract Results from three-dimensional lattice Monte
Carlo simulations of amphiphile–solvent mixtures are
presented. The chemical potential is derived from the mono-
mer distribution in different clusters rather than using aWidom
particle insertion approach. The effect of tail and head char-
acteristics on the non-ideality of these systems, aggrega-
tion number, and premicellar phenomena is considered. The
aggregation number and CMC behavior of the simulated
amphiphilic systems are compared with existing experimen-
tal results for non-ionic amphiphiles. Two kinds of polydis-
persity changing with total concentration of surfactants are
observed which are related to phase transition phenomena.
Shape variations in clusters are studied by calculating the
eigenvalues of the gyration matrix; it is shown that large
clusters are non-spherical. With the Maclaurin’s expansion
of activity coefficient into volume fraction, the distribution
of excess chemical potential with changing aggregation num-
ber is considered. Study of the degree of non-ideality of these
amphiphiles reveals that asymmetric amphiphiles are charac-
terized by greater non-ideality than symmetric amphiphiles.
Goldstein’s parameters are calculated taking non-ideality into
consideration. The difference between the phenomenological
model and the simulation data is investigated.

List of Symbols

n Aggregation number
xn Mole fraction of cluster with aggregation number n

H. Gharibi (B) · R. Behjatmanesh-Ardakani
S. M. Mousavi-Khoshdel · S. Javadian · B. Sohrabi
Department of Chemistry, Tarbiat Modarres University,
P.O. Box 14155-4838, Tehran, Iran
E-mail: gharibi@irandoc.ac.ir

H. Gharibi
Iranian Information and Documentation Center (IRANDOC),
P.O. Box 13185-1371, Tehran, Iran

S. M. Hashemianzadeh
Department of Chemistry, College of Chemistry, Iran University
of Science and Technology, P.O. Box 16765-163, Tehran, Iran

xa Total mole fraction of surfactant
Vs Total volume fraction of surfactant
T Tail part of amphiphile chain
H Head part of amphiphile chain
h Excess chemical potential in ideal condition
w Water site
W Rosenbluth weight
E Energy of system
KB Boltzmann constant
ε Interaction parameter between H–T

and w–T sites
nTw Number of tail–water interactions
nTH Number of tail–head interactions
Pacc. Probability for acceptance of new configuration
β Reduced temperature
Zs(i) Number of nearest water sites for site i
z Coordination number
Nn Number-average aggregation number
Nwt Weight-average aggregation number
IP Polydispersity
nmax Aggregation number at the maximum

of monomer distribution
CMC Critical micelle concentration
HiTj An amphiphile chain with i sites in the head

and j sites in the tail
Cj Ei Non-ionic surfactant with j carbons and i

ethoxylate groups
I1, I2, I3 Three principal moments of inertia
R2

ri ,rj
Gyration matrix

ri,cm Position of the center of mass
of a cluster in the i direction

l1, l2, l3 Three characteristic lengths
µn Chemical potential for cluster

with aggregation number n

µ0
n

Standard chemical potential of cluster
with aggregation number n

fn Activity coefficient for a chain in cluster
with aggregaion number n

f1 Activity coefficient for monomer
µ0

1 Standard chemical potential for monomer



2 H. Gharibi et al.

δ Free energy in Goldstein model
δb Free energy change due to transferring

the hydrocarbon parts
δs Free energy change due to surface interaction
δe Free energy change due to entropy

of a tail move
Rc Radius of micellar core
a Length of lattice site
τ Surface free energy per unit area
P(r) Distribution function for end-to-end distance

1 Introduction

Surfactants are used in pure or mixed form in many indus-
trial and biological processes [1]. The roles of surfactants
within these processes are diverse because the shapes and
phase behavior of surfactants vary depending on factors such
as their molecular structure and concentration. This has pro-
voked numerous theoretical, simulation, and experimental
studies of surfactant behavior.Amphiphilic systems have been
studied using a range of experimental techniques, including
surfactant-selective electrode [2,3], SANS [4], NMR [5,6],
and IR spectroscopy [4,5], and theoretical approaches such as
molecular thermodynamics [7], conformational statistics [8],
and the phenomenological approximation [9]. Computer sim-
ulation of amphiphilic systems is now well established. There
are three principal simulation approaches: molecular dynam-
ics, Monte Carlo, and Brownian dynamics [10]. Monte Carlo
simulations vary from the simplest form, the Ising model
[10], to more sophisticated lattice models [11,12], to contin-
uous models with realistic interaction potentials [13–15].

Monte Carlo simulations of amphiphilic systems on lat-
tices have been studied for more than 20 years. Larson [16]
studied the amphiphile–oil–water phase diagram by integra-
tion of the Gibbs–Helmholtz equation. Under this approach,
Larson calculated the Helmholtz free energy in the canonical
ensemble with an athermal initial condition and then com-
pared these results with zero- and first-order quasi-chemical
approximation. In another work, Care [17] studied the ther-
modynamics of cluster formation by calculating the distribu-
tion of monomer in clusters. In lattice model self-assembly
of di- and tri-block copolymers has been studied by Mattice
and co-workers [18,19]. They have established scaling laws
for the dependence of CMC on the interaction energy and
tail length in these systems. Bernardes et al. [20] used square
lattice with water–water attractions, oil–oil attractions, and
water–oil repulsions to study a H1T2 amphiphile; they as-
sumed that the straight conformation is more stable than
the folded conformation, and then examined finite size ef-
fects, meta-stability, and relaxation time for this amphiphile.
Based on the model of Bernardes et al. [20], Girardi and
Figueiredo [21] calculated the degree of micellar organiza-
tion,�, for the H1T3 amphiphile, which is characterized by
� = P(nmax) − P(nmin), where P is the aggregate size dis-
tribution and nmax and nmin the aggregate sizes at which P
exhibits its local maximum and minimum, respectively. They

additionally showed that, for a three-dimensional model, �
goes continuously to zero as the temperature is increased.

Panagiotopoulos et al. [22] determined the phase behavior
and micellization of several lattice di- and tri-block surfac-
tants in Larson type model by histogram-reweighting grand
canonical Monte Carlo simulations on a lattice model. Lisal
et al. [23] studied surfactant self-assembly in a supercritical
solvent using the Larson model.

In the present work we studied some thermodynamic
parameters such as polydispersity, aggregation number, and
premicellar concentration through lattice Monte Carlo simu-
lation using the Rodriguez model [24]. In this model we ob-
served phase transition for some amphiphiles and studied the
effect of head and tail lengths on aggregation number and, fi-
nally, the link between head and tail lengths and non-ideality.

2 Details of the Monte Carlo simulation

2.1 Model description

In the present work we used the three-dimensional model of
Rodriguez [24]. In this model, space is divided into a cubic
lattice of sites that interact equally with their nearest neigh-
bors and do not interact with other sites. This gives a lattice
with a coordination number of 6. On this lattice, each water
molecule occupies a single site whereas amphiphiles occupy
chains of sites connected by nearest neighbor relationships.
The amphiphile molecule is divided into two parts: a head
part that interacts with the same potential as the water sites
and a tail part that is hydrophobic. The box size is set to
50×50×50 and the excluded volume and periodic boundary
conditions are used to mimic bulk conditions and to allow
us to fix the number of particles in the (NVT) ensemble.
We included only one kind of interaction in the model, i.e.
between water-like sites (H, w) and oil-like sites (T) that are
not adjacent on the same chain. The total internal energy can
therefore be expressed as follows:

E

KBT
= ε

KBT
(nT,w + nT,H), (1)

where nT,w and nT,H are the numbers of tail–water and tail–
head pairs, respectively, and ε is the interaction parameter.
We used a value of ε=0.7, as suggested by Rodriguez [24].
For this value of the interaction parameter, observed micelli-
zation was distinguished for some of the amphiphiles tested,
and a phase transition was noticed for other amphiphiles.

2.2 Metropolis Monte Carlo algorithm

This work is based on the standard Metropolis algorithm [25].
The procedure for generating initial configurations is as fol-
lows. First, a cubic lattice is considered. All of the lattice
sites are occupied by water molecules through code num-
bers. A lattice site can be occupied by one of the three types
of beads: solvent, denoted by s; head, h; or tail, t.Amphiphilic
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chains, hi tj , are composed of the appropriate numbers (i, j
greater than or equal to one) of h and t beads. For the dis-
tribution of amphiphilic chains, we choose a set of lattice
sites randomly and then the old code numbers of these sites
are replaced by the new ones. To introduce an amphiphilic
chain, a lattice site is selected at random for chain growth.
Growth of a chain can only be continued if at least one neigh-
boring site is not occupied by either other chains that have
been placed on the lattice or any previous unit of the trial
chain that is being grown. The total energy of this initial con-
figuration, denoted Eold, is then calculated according to the
previous energy parameters. This initial configuration is then
altered by selecting a random surfactant chain and then mov-
ing it by Monte Carlo moves, and the energy of the new, trial
configuration, Enew, is calculated. This trial configuration is
accepted according to the probability:

Pacc. = Min{1, exp(−β�E)}. (2)

This procedure is continued until equilibrium is reached. To
relax our systems we used Bernardes et al.’s approach [20].
In this method they compared the results for the average of
the system for two opposite initial configurations: the first
one is completely random (typical of high temperatures) and
the second is completely ordered (typical of low tempera-
ture). In cases where a unique equilibrium state was attained
after a finite number of trials, this test allowed evaluation of
relaxation times (in MC step units). The initial relaxation con-
figurations must be discarded when calculating equilibrium
averages. Furthermore we run some of our simulations at
athermal conditions and the interaction energy was increased
at each step, until the desired interaction energy is reached
[24]. We found that all of the three methods converge.

Once equilibrium has been reached, a large number of
configurations are generated for calculating ensemble aver-
aged thermodynamic properties. This averaging must be per-
formed using independent configurations. The number of
moves required for a system to reach a state independent of
its original state has been estimated previously by calculating
time correlation function [10,26] .The fluctuation of proper-
ties is reduced by taking large ensemble averages. Different
initial configurations may be used to avoid metastable states.

2.3 Monte Carlo moves

Different chain moves have been reported for lattice and off-
lattice simulations. Binder [27] discussed various possible
moves and the microscopic reversibility conditions of them.
One of the most famous chain moves is reptation. In this
move one of the two ends of a chain is chosen at random, and
then one of the five potentially available nearest neighbors
of the selected chain end is chosen at random. If the selected
site is a solvent site, the chain end is moved to that site and
all of the other segments of the chain follow the end site.
Whether the move is made or not, the reptation move is com-
pleted. Although the simplicity of this procedure is attractive
the reptation method gives various configurations that are
dependent on each other [29]. Furthermore Siepmann and

Frenkel [29] show that for reptation move a large fluctuation
can be observed.

For avoiding these correlations it is necessary to consider
either very large configurations in constant snapshots or low
snapshots in constant configurations during the simulation.
The first case increases the computation time and the other
case increases the fluctuation of ensemble averaging. For this
reason, we apply reptation in conjunction with another move
known as the configurational bias Monte Carlo move [29].
Configurational bias sampling methods are used to facili-
tate the insertion and removal of surfactant molecules. These
methods are based on the following algorithm:

1. One chain is chosen at random for removal.
2. The Rosenbluth weight (W ) for this chain is then cal-

culated by counting the number of solvent sites (zs(i))
around the next bead to be removed. For the chain that is
being removed this factor is represented by Wold, which
is defined as:

Wold =
1∏

i=m−1

zs(i)

z
, (3)

where m is the chain length.
The product in Eq. 3 represents the total number of pos-
sible configurations of deleted chain. For deletion of the
chain the end segment is deleted but is not considered in
the above product because after it has been deleted we do
not have any segment left to calculate its choices.

3. A lattice site is chosen at random for growing the removed
chain.

4. The chain is grown. After setting each site in its place
on the lattice, the possible ways that the next site can
be placed are calculated. By this method the Rosenbluth
weight (W ) for this chain is calculated:

Wnew =
n−1∏

i=1

zs(i)

z
. (4)

If zs(i) becomes zero for any of the sites, then the system is
returned to its old state and the configuration is not altered.
Detailed balance is maintained using the ratio of the two
Rosenbluth weights in the acceptance criterion:

Pacc. = min

{
1,

Wnew

Wold
exp(−β�E)

}
. (5)

Rather than picking a solvent site at random, one can use the
Boltzmann weight of sites to bias the insertion.

We used reptation and the bias move with equal prob-
ability. As shown in Fig. 1, use of bias move reduces the
relaxation time.

2.4 Definition of parameters

Various properties are calculated during the simulation,
including the mole fraction of monomer, mole fraction of
clusters with aggregation number n(xn), monomer
distribution in cluster with size n(nxn), number-average
aggregation number (Nn), weight-average aggregation
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Fig. 1 Comparison of reptation (+) and (×) reptation with bias move (blue)

number (Nwt), polydispersity (Ip), three principal moments
of inertia, and characteristic lengths. When tail sites from
two different chains are nearest neighbors, the two chains are
said to form an aggregate. An amphiphile that is not in an
aggregate is a monomer. Three kinds of aggregation number
can be defined [24]. Two of these are defined as:

Nn =
∑nmax

n=2 nxn∑nmax
n=2 xn

, (6)

Nwt =
∑nmax

n=2 n2xn∑nmax
n=2 nxn

, (7)

where nmax is the maximum aggregation number in all config-
urations considered in ensemble averaging and xn is the mole
fraction of clusters with aggregation number n. The third way
of defining the aggregation number is to define it based on
the local maximum of the aggregate-size distribution curve
in which nxn is plotted against n(Nmax). The aggregate-size
distribution curve is also referred to as the monomer dis-
tribution curve. The monomeric form is not considered an
aggregate and hence is not included in the above equations.
The polydispersity is defined as the ratio of Nwt to Nn. For
clusters of size n � 10 in monomer distribution curve, the
value of nxn is averaged over aggregates of size n±2 in order
to reduce statistical fluctuations and to obtain a smooth distri-
bution [24]. Aggregates comprised of less than 10 monomers
are often referred to in the literature as premicelles [24].

3 Results and discussion

3.1 Critical Micelle concentration

There are different definitions for CMC in theoretical works.
For example Ruckenstein and Nagarajan [30,31] have de-
fined CMC as a point which separates two kinds of behavior
of the size distribution of micellar aggregates of surfactant
molecules. Below this concentration, the size distribution is a

monotonic decreasing function of size; above this concentra-
tion, the size distribution is a function exhibiting two extrema
and the contribution of larger aggregates becomes important.
But in simulation works often two definition are used. In
Care’s definition [32], CMC is determined approximately by
taking the intercept of a line drawn through the high concen-
tration data with a line through the origin of unit slope. In
Israelachvili’s definition [33], CMC is the amphiphile con-
centration at which the number of aggregated amphiphiles
equals the number of free amphiphiles. Rodriguez et al. [24]
used Israelachvili’s definition. Recently a new definition was
introduced by Zaldivar and Larson [34]. They defined CMC
as the intercept between a line with a slope of unity which
passes through the origin and a line with zero slope that has
a value equal to the average free monomer concentration af-
ter micellization. The origin of the last definition introduced
by Tanford’s [35] was around 25 years ago. Various defini-
tions of CMC are introduced by different researchers but all
of them have two common point of views, (a) nxn versus n
must be flat at CMC, (b) nxn versus n should show maximum
and minimum after CMC.

A feature of these definitions is that the CMC calculated
using Care’s definition is always less than that calculated
using Israelachvili’s definition. In experimental work, partic-
ularly in studies of polymer–surfactant mixtures, the CMC
is often taken as the intersection between straight lines fit-
ted to the regions before and after the maximum point in the
monomer mole fraction or monomer volume fraction curve
[36]. A comparison of these three definitions is shown in
Fig. 2. On the basis of the three definitions, the experimen-
talist’s definition yields CMC values that are closest to the
true CMC. Comparison of the CMC values obtained using
the three definitions for various systems (Table 1) reveals that
the CMC values obtained using the experimentalist’s defini-
tion fall between those obtained using the other definitions,
except for H4T3. As shown in Fig. 3, the anomalous behavior
of H4T3 is related to premicellar phenomena.
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Fig. 3 Premicellar phenomena for amphiphilic systems with various tail lengths

Table 1 Comparison of CMC values obtained using three approaches

Amphiphile Care Def. Experimentalist Def. Israelachvili Def.

H1T4 0.0007 0.0009 0.0012
H2T4 0.0009 0.0013 0.0017
H3T4 0.0012 0.0018 0.0022
H4T4 0.0014 0.0022 0.0025
H4T5 0.0004 0.0006 0.0007
H4T6 0.0002 0.0002 0.0003
H4T3 0.004 0.0064 0.006

The dependence of the CMC on tail and head length has
been studied experimentally [37]. Non-ionic surfactants such
as Cj Ei or other fatty alcohol alkoxylates can be represented
using the notation HiTj by taking the alkoxy group as the
head group and the alkyl group as the tail group [24]. Using
this notational change from Cj Ei to HiTj , we analyzed the
experimental data from Ref. [37] and derived the following
equation for the behavior of the experimental results:

log(xcmc) = 0.08i − 0.47j − 3.2, R2 = 0.98, (8)

where xcmc is the total mole fraction of surfactant at the CMC
and i and j the numbers of head and tail segments in each

chain, respectively. In addition, by recalculating and fitting
the results of Ref. [24], we derived the following equation:

log(xcmc) = 0.11i − 0.45j − 3.85, R2 = 0.95. (9)

Alternatively, if the final OH and the ethyl group bonded to
it in the Cj Ei structure are considered as one alkoxy group,
then Cj Ei can be modeled as Hi+1Tj−2. Using this approach,
we derived the following equation for the experimental data
in Ref. [37]:

log(xcmc) = 0.08i − 0.45j − 4.2, R2 = 0.97. (10)

The CMCs of non-ionic surfactants extracted from Ref. [37]
and that of comparative amphiphiles in the form of HjTj are
listed in Table 2. As is clear from the above equations, con-
sidering the final OH group as a part of the head site modifies
the fitted equation.

3.2 Distribution of monomer in cluster

A plot of the proportion of monomers in clusters of size
n(nxn) as a function of n typically has two maxima, one for
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Table 2 Adaptation of non-ionic amphiphiles to lattice chains

Fitting of head in exp. Fitting of head in sim. Fitting of tail in exp. Fitting of tail in sim.

C12E4(H5T10) H1T4 C10E8(H9T8) H4T3
C12E8(H9T10) H2T4 C12E8(H9T10) H4T4
C12E10(H11T10) H3Tt4 C14E8(H9T12) H4T5
C12E12(H13T10) H4Tt4 C16E8(H9T14) H4T6

R2 = 0.99 R2 = 0.99 R2 = 0.96 R2 = 0.99
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Fig. 4 Variation of monomer mole fraction for a range of amphiphiles
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Fig. 5 Variation of monomer mole fraction for H2T2

the monomer and one for the micelle [38].A wider distribution
indicates a higher polydispersity. As shown in Fig. 3, the
presence of high concentration of clusters with small
aggregation numbers indicates the existence of premicel-
lar phenomena. Some authors have argued that a reduction
in monomer concentration is insufficient as a signature of
micellar organization, and that, to unambiguously identify
the onset of micellization, there should not only be a drop in
monomer concentration, but also the plot of the proportion
of monomers in clusters of size n as a function of aggre-
gation number must show a local minimum and maximum
[21,17]. For this reason, we determined both the monomer
mole fraction and the distribution of the amount of mono-
mer in clusters as a function of aggregation number for all

amphiphiles (Fig. 4).Among the amphiphiles we considered,
only H2T2 did not exhibit the second maximum in the plot
of the proportion of monomers in clusters as a function of
aggregation number. As shown in Figs. 5 and 6, in the case of
H2T2 the concentration of monomer decreases after a certain
concentration but its distribution of monomer in clusters as a
function of aggregation number does not exhibit a local min-
imum and maximum, indicating that H2T2 has not formed
micelles. Inspection of a snapshot of this surfactant (Fig. 7)
clearly reveals that this surfactant preferentially forms small
clusters. As the number of H2T2 molecules in the system is
increased, this amphiphile forms an increasing number of
small clusters; hence the monomer concentration decreases
but without the formation of micelles.
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Fig. 6 Distribution of monomer in different clusters for H2T2

Fig. 7 Snapshot of H2T2 at Vs = 0.17 (xa = 0.049)

The shape of the monomer distribution curve is also influ-
enced by correlations between the configurations that are
ensemble averaged. As shown in Fig. 8 for the H1T4 system,
for example, simulations using bias moves to reduce corre-
lations between configurations give a monomer distribution
curve with a single maximum corresponding to micellar peak,
whereas simulations using only reptation give two maxima
in this curve.

Stauffer et al. [39] studied phase transitions in amphi-
phile systems by monitoring aggregation number as a func-
tion of CPU time. If the second maximum in the monomer
distribution within clusters moves towards higher aggrega-
tion number with increasing amphiphile concentration, as is
observed for H1T4 and H4T6 (Figs. 9, 10), a phase transition
has occurred. In these systems, one cluster is formed and this
cluster grows as further amphiphile molecules are added to
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Fig. 11 Snapshot of H1T4 at Vs = 0.01 (xa = 0.002). White points are
tails

Fig. 12 Snapshot of H1T4 at Vs = 0.03 (xa = 0.006)

the system, giving rise to a system with only one large clus-
ter. This behavior is illustrated in the snapshots of the H1T4
system at two different concentrations shown in Figs. 11 and
12. In contrast to this tendency to form one large cluster,
some amphiphiles tend to form two or more cluster shapes.
One such amphiphile is H2T4. As shown in Fig. 13, H2T4
tends to form spherical clusters at lower amphiphile concen-
trations, but at higher concentrations it forms both spherical
and non-spherical clusters (with higher aggregation number).
This behavior is evident in the snapshots of systems contain-
ing 2 and 4 vol.% H2T4 shown in Fig. 14. In the normal case,
the location of the maximum in the cluster distribution is

relatively insensitive to the amphiphile concentration, as is
shown for H3T4 in Fig. 15.

3.3 Polydispersity

Polydispersity is the ratio of the weight-average aggrega-
tion number to the number-average aggregation number. The
CMC may be defined as the amphiphile concentration at
which the rate of change of the polydispersity with chang-
ing concentration is greatest. In normal cases, it is expected
that as the surfactant concentration is increased beyond the
CMC, the polydispersity should decrease because the addi-
tion of further surfactant molecules will lead to the growth
of smaller clusters and thus the distribution of cluster aggre-
gation numbers will be narrowed. This behavior is indeed
observed for H4T5, as shown in Fig. 16. For H1T4, which
undergoes a phase transition with increasing concentration,
the polydispersity is expected to remain approximately con-
stant after the CMC; this behavior is observed as shown in
Fig. 17. The tendency to grow one cluster (H1T4 or H4T6) or
to form some large clusters (H2T4), leads to a wider distribu-
tion of cluster aggregation numbers.

3.4 Micellar shape

To determine the micellar shapes, we use the three principal
moments of inertia, I1, I2, I3. These moments are the eigen-
values of the matrix of the radii of gyration, which are defined
as:

R2
ri ,rj

= 1

S

s∑

k=1

(ri,k − ri,cm)(rj,k − rj,cm), (11)

where ri , 1 � i � 3, represents lattice direction and ri,cm is
the center of mass in direction i, which is given by:

ri,cm = 1

S

S∑

k=1

ri,k. (12)

Here S is the total number of sites occupied by the aggregated
form. The characteristic lengths are defined as li = (Ii)

1/2.

3.4.1 Spherical shape

For spherical aggregates, l1/l3 = l2/l3 = 1, as shown in
Fig. 18. Some amphiphiles always form spherical aggregates,
even at high concentration. One such amphiphile is H4T4.
Some other amphiphiles, for example H2T4, form spherical
aggregates at low concentration (Fig. 19) but rod-like aggre-
gates at higher concentrations.

3.4.2 Cylindrical shape

For cylindrical micelles, l1/l3»1 and l2/l3 = 1. Figures 18
and 20 show the variation in the characteristic length for H2T4
at concentrations of 1 and 4 vol. %. The aggregate shape was
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Fig. 13 Two aggregate shapes of H2T4 are formed at nearly Vs = 0.04

Fig. 14 H2T4 at Vs = 0.02 (xa = 0.003) (left) and Vs = 0.04 (xa = 0.007) (right)

also gleaned by directly visualizing the lattice configurations
generated from the simulation at various concentrations. As
shown in Figs. 19 and 21, the shapes of the aggregates change
from spherical to rod-like with increasing concentration.

3.5 Aggregation number: effect of tail and head

Previous experimental studies on Cj Ei non-ionic amphi-
philes have additionally examined the relationship between
aggregation number and tail and head lengths [37]. Modeling
CiEj as Hj+1Ti−2, we compared the previous experimental
data with our simulation results. We chose to make this com-
parison for systems whose concentration was twice the CMC.

The following equations were derived from the simulation
data:
Nmax = 1.8 exp(0.6j), R2 = 0.96 for tail,

Nmax = 294 exp(−0.7i), R2 = 0.95 for head, (13)
where Nmax is the aggregation number corresponding to the
local maximum in the monomer distribution at a concentra-
tion of twice the CMC, and i and j are the number of head and
tail segments in the amphiphile, respectively. For the adapted
experimental data, the fitted equations are:
Nmax = 0.14 exp(0.7j), R2 = 0.95 for tail,

Nmax = 2, 600 exp(−0.2i), R2 = 0.7 for head. (14)
As in the case of the CMC, the tail result for the aggregation
number is more consistent with the experimental data than
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Fig. 19 Micelle of H2T4 at Vs = 0.01 (xa = 0.002), gray beads are tails

the head result. The discrepancy between the simulation and
experimental results can be attributed to the assumption of
zero interaction between heads in the simulation. Although
we can qualitatively compare the adapted experimental data
with simulation data, quantitative evaluation is not easy. The
most important issue complicating any quantitative compar-
ison is the definition of temperature in the experiments and
simulations. The lack of a consistent definition means that
we cannot easily correlate temperature in the lattice sim-
ulations with that measured experimentally. An additional
problem concerns the interaction parameters. In the simu-
lations we consider that H–T and S–T interactions are of
equal strength and that the H–H interaction is zero; however,
these assumptions may not be true for real amphiphiles. In
some amphiphiles, the H–H interaction is attractive whereas

in others it is repulsive. In addition to the above concerns,
in the present work we did not consider the effects of chain
stiffness and other factors such as cluster formation of water
molecules, non-equality of equilibration distances (parame-
ter σ ) of water molecules and amphiphile molecules, hydro-
gen bonding between some kinds of amphiphiles and water
molecules and triplet interactions. Variation of these factors
will affect the results.

3.6 Non-ideality effect

The CMC and monomer distribution in clusters can be deter-
mined from the condition that at thermodynamic equilibrium
the free energy of the amphiphile system must be a minimum.



Study of thermodynamic parameters in amphiphilic systems by lattice Monte Carlo: effect of tails and heads 13

1

1.5

2

2.5

3

3.5

4

10 30 50 70 90
n

ch
ar

ac
tr

es
ti

c 
le

n
g

h
ts
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Fig. 21 Micelle of H2T4 Vs = 0.04 (xa = 0.007)

The chemical potential of aggregates with n molecules can
be expressed as:

µn = µ0
n + KBT ln(fnxn), (15)

where µ0
n is the standard chemical potential for a cluster with

aggregation number n, fn the activity coefficient of an aggre-
gate containing n amphiphiles and xn the mole fraction of a
cluster with aggregation number n in solution. The equilib-
rium micelle size distribution is that which minimizes the
free energy; it is fulfilled by the relation [11,40]:

nµ1 = µn. (16)

Using Eq. 15 for µn, we obtain:

xn = (f1x1)
n

fn

exp

(
−nβ

(
µ0

n

n
− µ0

1

))
. (17)

This equation is derived by considering the multiple equi-
librium model in amphiphile systems.

(
(µ0

n/n) − µ0
1

)
is the

difference in standard Gibbs free energy between an amphi-
philic molecule in an aggregate of size n and a free amphi-
phile in the solvent [24] and can be referred to as the excess
chemical potential of chains belonging to a cluster of size n
[32]. In general there is no simple way to determine the activ-
ity coefficients of the aggregates, which contain information

on the inter-aggregate interactions. Desplat and Care [32]
conjectured that the activity coefficients may be functions of
the amphiphile concentration with the property that

lim
xa→0

f1(xa) = lim
xa→0

fn(xa) = 1 ∀n

⇒ lim
xa→0

ln f1(xa) = lim ln
xa→0

fn(xa) = 0. (18)

It can be considered a Maclaurin’s expansion [41] of ln fn

as a function of total mole fraction or total volume fraction
[32]:

ln fn = ln fn(xa = 0) +
∣∣∣∣
∂ ln fn

∂xa

∣∣∣∣
xa=0

(xa)

+1

2

∣∣∣∣
∂2 ln fn

∂x2
a

∣∣∣∣
xa=0

(xa)
2 + · · · . (19)

By Eq. 18, the first term is equal to zero; hence

ln fn =
∣∣∣∣
∂ ln fn

∂xa

∣∣∣∣
xa=0

(xa) + 1

2

∣∣∣∣
∂2 ln fn

∂x2
a

∣∣∣∣
xa=0

(xa)
2 + · · · .

(20)

Replacing the derivative terms with parameters, we obtain:

ln fn = anxa + bnx
2
a + · · · . (21)
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Expressing Eq. 17 in the logarithmic form gives

ln(xn) = n ln(x1) + n ln(f1) − ln(fn) − nβ

(
µ0

n

n
− µ0

1

)

(22)

and with substitution of Eq. 21 into 22 we obtain

ln(x1) − 1

n
ln(xn)

= β

(
µ0

n

n
− µ0

1

)
+ (−a1 + an

n
)xa + (−b1 + bn

n
)x2

a + · · · .

(23)

The left-hand side of Eq. 23 can be shown by the h function:

h = ln(x1) − 1

n
ln(xn), (24)

−nh = − ln(x1)
n + ln(xn) = ln

(
xn

xn
1

)
. (25)

From Eq. 25 we can say that h represents the excess chem-
ical potential for an ideal system (i.e., a system without any
interactions). For the ideal system, h is independent of the
mole fraction of amphiphile.

Since x1 and xn are measured within the simulations for
different xa, we can plot h as a function of xa. Then, based
on Eq. 23, we can derive the excess chemical potential by
determining the intercept in the plot of h versus xa. In an ideal
system the activity coefficient equals one and hence the slope
must be zero. Thus the magnitude of the slope of the plot of h
as a function of xa provides a measure of the degree of non-
ideality of these systems. Here we quantify the extent of non-
ideality by measuring the difference of this slope from zero.

The function h for H4T4 is plotted in Fig. 22. The varia-
tions in the slope (non-ideality) and intercept (excess chemi-
cal potential) as a function of aggregation number are shown
in Figs. 23 and 24.

3.7 Effect of head and tail on non-ideality

Because the CMC changes with increasing number of head or
tail segments, in the non-ideality calculations we considered
all systems at twice their respective CMCs. For the h func-
tion to be calculatable, true micellization must have occurred
in the system. If a system undergoes a phase transition with
increasing amphiphile concentration, such as in the H1T4
and H4T6 systems, we cannot determine the h function be-
cause, for a range of aggregation numbers, the concentra-
tion of clusters at each aggregation number does not change
continuously with increasing amphiphile concentration. In
these systems, most of the clusters with aggregation num-
bers between 1 and Nmax have concentrations of zero, yet
we need to determine the h function at different amphiphile
concentrations that have the same range of aggregation num-
ber. In systems that undergo true micellization, all clusters
with aggregation numbers between monomer and Nmax are
included in the ensemble average.

For the reasons outlined above, we calculated the slope of
the h function at twice the CMC for all systems except H1T4

Table 3 Deviation of slope of h function from zero in selected amphi-
philes

Surfactant Slope

H2T4 −5.89
H3T4 −3.16
H4T4 −2.16
H4T5 −5.86
H5T4 −3.12
H4T3 −2.26

and H4T6. The slopes of the h function, which provide a mea-
sure of non-ideality, with Maclaurin’s expansion of ln fn as
a function of total volume fraction for the various surfactants
are listed in Table 3. The symmetric amphiphile H4T4 exhib-
ited the lowest degree of non-ideality. Increasing or decreas-
ing the number of tail segments increases the non-ideality,
and the effect of changes in the number of tail segments is
stronger than that of head segments. As shown in Table 3,
increasing the number of head segments causes a reduction
in the slope. In these amphiphiles, the greatest enhancement
of non-ideality comes from increasing the number of tail seg-
ments.

Goldstein [11] has proposed a model for phase equilib-
rium in micellar solutions of non-ionic surfactants. In his
model, excess chemical potential is the sum of three terms
that can be labeled as bulk, surface, and entropic terms:

µ0
n − nµ0

1 = nδ = n(δb + δs + δe). (26)

In this equation, δb is the free energy change due to trans-
ferring the hydrocarbon parts from the aqueous environment
to the micellar core. In Goldstein’s model this term is pro-
portional to the chain size. δs is proportional to the core sur-
face area 4πR2

c . If the micelles are spherical, we can write
(4π/3)R3

c = jna3, where j is the number of tail segments in
the amphiphile chain, n the aggregation number, and a3 the
volume of lattice site; hence [11]:

nδs = τ [4πR2
c ] = γ [n(i + j)]2/3, (27)

where γ = (9π)1/3τa2 and τ is the surface free energy per
unit area. For the entropic term, Goldstein assumed that surf-
actants can be described as ideal random walk chains and
compared the entropy of a free chain with that of a chain
whose mean extension is equal to the core radius. The prob-
ability distribution function for end-to-end distance of a ran-
dom walking chain is Gaussian [11]:

P(r) = const. exp(−3r2/2ja2), (28)

where j 1/2a is the average extension of an ideal chain of
fully extended length ja. The entropy as a function of the
chain extension is S(r) = KB ln(P (r)); hence the entropy
contribution to the free energy change is [11]:

nδe = −nKBT {ln[P(Rc)] − ln[P(j 1/2a)]}
= nKBT [c(i + j)−1/3n2/3 − 3/2], (29)

where c is a pure geometrical factor and is of order unity.
Hence the total free energy change is [11]:

δ/KBT = −(i + j + 1.5) + γ (i + j)2/3n−1/3

+(i + j)−1/3n2/3. (30)
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We investigated the effect of tail length on the excess chem-
ical potential, obtained from the intercept of the h function.
If these effects are fitted, the following equation is derived:
δ/KBT = −(2.17j + 1.22) + 2.8j 0.86n−1/3

+1.5j−1.77n2/3. (31)
Because we neglected the H–H interaction, we could not
determine a correct expression for the head effect. The first
term in Eq. 31 is derived from the transfer of the tail to the
micellar core. However, because we assume that the head–
head interaction is negligible, the micelle is stabilized in the
simulation to a greater extent than would be the case in the
real system. Thus the first term in Eq. 31 derived from sim-
ulation data will have too strong an effect. The difference in
the values of second term for simulation and phenomenolog-
ical model is attributed to the shapes of the micelles. Because
we used surfactants with a range of shapes, the average shape
will not be that of the symmetrical amphiphile. The third term
comes from the entropic contribution. The difference in the
values of the third term for simulation and phenomenological
model is greater than in the first two terms because Goldstein
used an approximation that is not correct for short hydrocar-
bons; specifically, ideal random walk statistics are not valid
for short chains. Besides these reasons, we have shown here
that amphiphile systems are not ideal even at low concentra-
tions due to interactions between aggregated forms that are
neglected in theoretical treatments of these systems.

4 Concluding remarks

We have studied various phenomena, including phase tran-
sition behavior, micellization, and non-ideality, in a simple
lattice model of an amphiphile–solvent mixture. The effect
of the length of the heads and tails of the amphiphiles on
the CMC, aggregation number distribution, non-ideality, and
concentration of premicelles was investigated and, for se-
lected systems, the results were compared with experimental
results for Cj Ei . The simulation results were found to corre-
spond more closely with the experimental data for tail effects
compared to head effects. The discrepancy observed between
the experimental and simulation results for the head effects
can be attributed to the assumption in the simulations that
head–head interactions in these systems are negligible. Over-
all, the simulation results were qualitatively consistent with
the experimental results. Two types of phase transition were
observed, one for H1T4 and the other for H2T4. For H1T4, a
single cluster formed and this cluster grew as the amphiphile
concentration increased. For H2T4, in contrast, a third peak
appeared in the monomer distribution at high monomer con-
centration, indicating that phase transition occurred. Study
of the polydispersity behavior of these systems revealed that,
as the amphiphile concentration is increased, the polydis-
persity tends to remain constant for systems that undergo a
phase transition but tends to decrease for systems undergo-
ing micellization. It was additionally found that increasing
the number of tail sites has a greater effect on the non-ide-
ality of these systems than increasing the number of head

sites. Comparison of our simulation results with the phenom-
enological model of Goldstein for excess chemical potential
revealed that in spite of the results of Desplat and Care [32]
head–head interaction affects the stabilization of micelles. It
is shown that the assumption used by Goldstein in the entropy
calculation, as well as his assumption that these amphiphilic
systems can be treated as ideal, is incorrect.
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